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Abstract 20 

The climate system can be numerically represented by a set of physically-based dynamical 21 

equations whose solution requires substantial computational resources. This makes 22 

computationally efficient, low dimensional emulators that simulate trajectories of the underlying 23 

dynamical system an attractive alternative for model evaluation and diagnosis. We suggest that 24 

since such an emulator must adequately capture anomaly evolution, its construction should 25 

employ a grid search technique where maximum forecast skill determines the best reference 26 

model. In this study, we demonstrate this approach by testing different bases used to construct a 27 

Linear Inverse Model (LIM), a stochastically-forced multivariate linear model that has often 28 

been used to represent the evolution of coarse-grained climate anomalies in both models and 29 

observations. LIM state vectors are typically represented in a basis of the leading Empirical 30 

Orthogonal Functions (EOFs), but while dominant large-scale climate variations often are 31 

captured by a subset of these statistical patterns, key precursor dynamics involving relatively 32 

small scales are not. An alternative approach is balanced truncation, where the dynamical system 33 

is transformed into its Hankel space, whose modes span both precursors and their subsequent 34 

responses. Constructing EOF- and Hankel-based LIMs from monthly observed anomalous 35 

Pacific sea surface temperatures, both for the 150-yr observational record and a perfect model 36 

study using 600 yrs of LIM output, we find that no balanced truncation model of any dimension 37 

can outperform an EOF-based LIM whose dimension is chosen to maximize independent skill. 38 

However, the dynamics of a high-dimensional EOF-based LIM can be efficiently reproduced by 39 

far fewer Hankel modes. 40 

Plain Language Summary 41 
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The climate system may be physically and dynamically represented by a set of partial differential 42 

equations, which form various numerical models and typically require substantial computational 43 

resources to solve. It is therefore attractive to find a low order representation of the dynamical 44 

system that captures key climate phenomena. One such approach is the Linear Inverse Model 45 

(LIM), a multivariate linear empirical model that builds on the large scale climate variability, 46 

identified from principal component analysis, and infers the lagged response relationship 47 

between two temporally varying climate states. This approach, however, may not adequately 48 

identify the small scale precursor dynamics, the occurrences of which often leads to large scale 49 

phenomena. Alternatively, the balanced truncation approach is capable of capturing the precursor 50 

dynamics and the large-scale response, by which we find the balanced truncation is more 51 

effective in approximating the dynamical system using a lower dimension than LIM. Our finding 52 

implies potential use of the balanced truncation approach in many numerical dynamical systems 53 

that may benefit from reducing the dimensions and improving the efficiency. 54 

1 Introduction 55 

The dynamics of the climate system may be expressed as a set of partial differential 56 

equations, in which the theoretical dimension of the state space is infinite (Farrell & Ioannou, 57 

2001; Majda & Wang, 2006). We might therefore expect that fully representing the climate 58 

system from observations is difficult, as the available data record is too limited to accurately 59 

resolve the complete linear and nonlinear climate dynamics (Kent et al., 2019). On the other 60 

hand, the observed climate variables also typically contain spatial coherence and temporal 61 

correlation, leading to a relatively low effective number of degrees of freedom (Bretherton et al., 62 

1999). As a result, it is often useful to reduce the dimension of the climate dynamical system and 63 

to retain the properly resolved dominant patterns of climate variability. This has led, for 64 
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example, to empirical techniques that identify dominant patterns of variability, such as Empirical 65 

Orthogonal Function (EOF) or variants thereof. However, such techniques are focused on the 66 

product of the dynamical system – that is, the resulting variability – but not necessarily on 67 

representing the dynamics itself (Monahan et al., 2009). This motivates the need for reduced 68 

order dynamical models. 69 

One such reduced model approach used over the past few decades is the Linear Inverse 70 

Model (LIM; Hasselmann, 1976; Penland & Sardeshmukh, 1995; von Storch et al., 1995), a 71 

multivariate empirical model that forms a linear dynamical system by inferring the predictable 72 

dynamics of the system through lagged covariance of a coarse-grained system state, with the 73 

remaining unresolved and unpredictable dynamics represented stochastically by white noise. In 74 

principle, a LIM can be constructed from any dataset, including gridded data of high spatial 75 

resolution. In practice, however, limited observational records means that LIM construction is 76 

inhibited by various numerical issues (e.g., Penland, 2019; Penland & Sardeshmukh, 1995). 77 

Therefore, the LIM state vector is usually comprised of variable(s) represented within their 78 

corresponding EOF bases; that is, the time evolving amplitudes of EOFs, or principal 79 

components (PCs). The resulting LIM is a low-dimensional dynamical model that may be used 80 

for the same purposes as a high-dimensional numerical dynamical model. For example, LIMs 81 

have been used to make subseasonal-to-decadal forecasts of atmospheric and oceanic conditions 82 

with skill that is comparable to operational forecast models (e.g., Albers & Newman, 2021; 83 

Alexander et al., 2008; DelSole et al., 2013; Huddart et al., 2017; Richter et al., 2020; Shin & 84 

Newman, 2021) and to develop long climate simulations that are diagnosed in the same manner 85 

as simulations from coupled global circulation models (CGCMs) (e.g., Albers & Newman, 2021; 86 
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Albers et al., 2022; Ault et al., 2013; Ault et al., 2018; Capotondi & Sardeshmukh, 2017; 87 

Newman, Shin, et al., 2011; Xu et al., 2021). 88 

Despite these and many other successful LIM applications, a few studies of systems with 89 

known dynamics, such as theoretical flow problems or intermediate models (e.g. Farrell & 90 

Ioannou, 2001; Moore & Kleeman, 2001), suggest that the typical EOF truncation may retain the 91 

dominant evolved response, but lose important precursor dynamics. The fundamental issue is 92 

that the linear climate dynamics are generally “nonorthogonal”, with similar spatial patterns yet 93 

evolve on different but overlapping timescales. This leads to substantial asymmetric interactions; 94 

that is, over time, these evolved spatial patterns may undergo from cancelling out each other to 95 

superimpose into strong climate anomalies. This means that the LIM dynamical operator is also 96 

asymmetric, so its eigenmodes are nonnormal (Strang, 2006). Therefore, climate anomalies 97 

evolving over time can be represented as the destructive or constructive interference of a 98 

collection of nonnormal eigenmodes (Farrell, 1988; Penland & Sardeshmukh, 1995). Notably, 99 

anomaly growth occurs when relatively small-scale anomalies, representing substantial 100 

cancelation of a few eigenmodes with similar spatial structure, evolve into large-scale anomalies, 101 

representing a substantial superposition of some of those same eigenmodes (Farrell, 1988; 102 

Henderson et al., 2020). Because the ordering of EOFs typically proceeds from large to small 103 

scales, a LIM constructed with an EOF-based state vector may not adequately identify small-104 

scale precursor dynamics leading to maximum variability (Farrell & Ioannou, 2001; Moore et al., 105 

2006), although it can still yield forecasts of high skill. This suggests the need for a truncation 106 

that captures both the small-scale precursors and their corresponding large-scale responses. 107 

One such “balanced” approach, suggested by (Farrell & Ioannou, 2001), is to represent 108 

data in a Hankel space, in which key large- and small-scale dynamics are weighted with 109 
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sufficient importance. A Hankel-based truncation, often referred to as balanced truncation, is 110 

then capable of preserving the optimal precursor and response and effectively approximates the 111 

full dynamical variability. This “Hankel reduced model” technique has been widely applied and 112 

studied in system and control theory (e.g., Glover, 1984; Gugercin & Antoulas, 2004; Moore, 113 

1981; Pernebo & Silverman, 1982). However, there have been few climate applications, 114 

primarily using theoretical flow problems where discretizing the dynamical system described by 115 

partial differential equations into a general linear stochastically-forced system is possible (Farrell 116 

& Ioannou, 2001; Moore & Kleeman, 2001). 117 

Recently, Moore et al. (2022) extended these earlier studies by applying balanced 118 

truncation to model the output of a regional ocean model that was constrained by a large regional 119 

reanalysis. In their application, they determined the full dynamical system through lagged 120 

covariances of the model output variables, i.e., the full dimensional LIM, and compared that 121 

system to two different lower dimensional models: a Hankel reduced model and an EOF reduced 122 

model (that is, a lower dimensional EOF-based LIM). In agreement with the findings from 123 

theoretical studies, they found that that the Hankel reduced model was more effective in 124 

approximating a regional ocean model than the EOF reduced model. This suggests that the 125 

Hankel reduced model could be computationally efficient as an emulator for making realistic sets 126 

of simulations. 127 

In this study, we develop both Hankel and EOF reduced models directly from climate 128 

observations, to compare their capabilities to efficiently compress the key dynamics into a 129 

reduced dimension space. Our study follows Moore et al. (2022) in the experimental design, 130 

which is entirely empirical (that is, with no knowledge of the underlying dynamics) and in which 131 

the two reduced approaches are compared for their ability to approximate the full dimensional 132 
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LIM. We stem from this recent study by focusing our assessment upon the forecast skill of the 133 

reduced models. We use monthly Pacific Sea Surface Temperatures (SSTs) as our modeled 134 

variable, since the key dynamics and seasonal forecasts of Pacific SST are widely studied 135 

(Alexander et al., 2008; Dias et al., 2019; Ding et al., 2018; Jacox et al., 2019; Newman & 136 

Sardeshmukh, 2017; Shin et al., 2021) and so the comparison across models is easily relatable. 137 

We derive the full LIM from Pacific SST as a baseline for comparison with the Hankel and EOF 138 

reduced models, for both the dynamical system they represent and the seasonal forecasts they 139 

generate. We examine how the dynamics in the reduced models may influence key phenomena, 140 

by anlyzing the evolution of Northeast Pacific Marine Heatwaves (MHWs), which are events 141 

characterized by extremely warm and persistent ocean temperatures (Hobday et al., 2016) with 142 

severe ecological consequences (e.g., Cavole et al., 2016; McCabe et al., 2016; Whitney, 2015). 143 

2 Data and Methods 144 

2.1 Data 145 

We obtain the monthly SSTs from the Hadley Centre Sea Ice and Sea Surface 146 

Temperature data set (HadISST; Rayner et al. (2003)). In this study, the spatial domain extends 147 

from 30oS to 60oN and 90oE to 50oW in the Pacific. The data set spans 150 years, from 1870 to 148 

2019. The spatial resolution is 1o×1o. Pre-processing includes (a) removing the seasonal mean 149 

climatology to obtain the SST anomaly (SSTA), (b) subtracting the long-term trend from the 150 

SSTA (see Text S1; Frankignoul et al., 2017; Newman, 2013), and (c) determining the EOFs and 151 

their corresponding PCs. 152 
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2.2 Linear Inverse Model 153 

LIM (Penland & Sardeshmukh, 1995) determines the unknown coarse-grained dynamics 154 

from the lag-covariances of the observed climate variables, with the residual represented as 155 

spatially coherent white noise, 156 

d𝐱
d𝑡 = 𝐋𝐱 + 𝛏 (1) 

where 𝐱(𝑡) is the low-order approximation of the climate variable, often represented with the 157 

leading PCs, 𝐋 is the (exponentially stable) linear dynamical operator, 𝛏(𝑡) is the temporally 158 

white noise, and 𝑡 is time. Given that 𝜏 represents a small increment of time during which 𝐱(𝑡) 159 

evolves into 𝐱(𝑡 + 𝜏), integrating the system yields, 160 

𝐱(𝑡 + 𝜏) = exp(𝐋𝜏) 𝐱(𝑡) + 𝛇(𝑡, 𝜏) (2) 

where 161 

𝛇(𝑡, 𝜏) = exp1𝐋(𝑡 + 𝜏)23 exp(−𝐋𝑡!)
"#$

"
𝛏(𝑡!)d𝑡′ (3) 

(Penland, 1989). For notational convenience, we define the Green’s function, 𝐆(𝜏) ≡ exp(𝐋𝜏), 162 

determined by 𝐆(𝜏) = 𝐂(𝜏)𝐂(0)%&, in which 𝐂(0) = 〈𝐱(𝑡)𝐱(𝑡)'〉 is the auto-covariance matrix 163 

of 𝐱(𝑡) and 𝐂(𝜏) = 〈𝐱(𝑡 + 𝜏)𝐱(𝑡)'〉 is the lag-𝜏 covariance matrix. 𝛇(𝑡, 𝜏)	is the integrated noise, 164 

representing the lag-𝜏 error between the ensemble-mean forecast 𝐱=(𝑡 + 𝜏) = exp(𝐋𝜏) 𝐱(𝑡) and 165 

the actual 𝐱(𝑡 + 𝜏) at time 𝑡. The error covariance matrix, 𝛀(𝜏) = 〈𝛇(𝑡, 𝜏)𝛇(𝑡, 𝜏)'〉, is a function 166 

of 𝜏 and is determined by 167 

𝐆(𝜏)𝐂(0)𝐆(𝜏)' − 𝐂(0) + 𝛀(𝜏) = 0 (4) 
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(Penland, 1989), also referred to as the discrete Lyapunov equation. In this study, we consider 168 

the discrete LIM system, with the Green’s function and the error covariance matrix determined 169 

from 𝜏 = 1 month, expressed as 𝐱(𝑡 + 1) = 𝐆(1)	𝐱(𝑡) + 𝛇(𝑡, 1). For notational convenience, 170 

𝐆(1) is noted as 𝐀 and 𝛇(𝑡, 1) as 𝛚(𝑡), hence the discrete LIM is simplified as 171 

𝐱(𝑡 + 1) = 𝐀	𝐱(𝑡) + 𝛚(𝑡) (5) 

Forecasts with 𝜏-month lead are then determined by 𝐱=(𝑡 + 𝜏) = 𝐀$	𝐱(𝑡). Note that, as in other 172 

LIM studies (e.g., Newman, Alexander, et al., 2011), forecasts are ten-fold cross-validated (see 173 

Text S2). 174 

Skillful forecasts by LIMs (e.g., Alexander et al., 2008; Dias et al., 2019; Newman & 175 

Sardeshmukh, 2017; Shin & Newman, 2021) suggest that they capture the dominant predictable 176 

dynamics of the climate system; that is, they identify those key precursors that “optimally” 177 

evolve over some finite time interval into anomalies that maximally energize variability. To 178 

determine these optimal initial structures over some time interval 𝜏, we define the change in 179 

amplitude of 𝐱(𝑡), as measured by the L2-norm, as 180 

𝛾((𝜏) =
𝐱(𝑡 + 𝜏)'𝐱(𝑡 + 𝜏)

𝐱(𝑡)'𝐱(𝑡) =
𝐱(𝑡)'(𝐀$)'(𝐀$)𝐱(𝑡)

𝐱(𝑡)'𝐱(𝑡)  (6) 

i.e., 𝛾( is the ratio of the evolved and the initial state variance (e.g., Breeden et al., 2020; 181 

Capotondi et al., 2022; Capotondi & Sardeshmukh, 2015). The optimal structure leading to 182 

maximum 𝛾((𝜏) is simply the leading eigenvector of (𝐀$)'(𝐀$), as by definition any 183 

eigenvector and eigenvalue of (𝐀$)'(𝐀$) is a solution to (6), among which the leading 184 

eigenvalue has the largest variance, i.e., maximum growth initiated by the leading eigenvector. 185 



manuscript submitted to Journal of Advanced Modeling Earth Systems 

 

2.3 Balanced Truncation 186 

Following previous control theory studies (e.g., Moore, 1981), an input-output 187 

framework of the discrete linear system is defined as follows: 188 

𝐳(𝑡 + 1) = 𝐀	𝐳(𝑡) + 𝛚(𝑡) (7) 

𝐱(𝑡 + 1) = 𝐃	𝐳(𝑡 + 1) (8) 

where 𝛚(𝑡) is considered an input signal, 𝐳(𝑡) is the state vector passing through 𝐀, 𝐱(𝑡) is the 189 

output signal transformed from the state vector through 𝐃. This model represents how an 190 

injected input signal passes through a controlled system, and then provides outputs. 191 

Moore et al. (2022) applied this linear model to simulate a regional climate system along 192 

the eastern boundary of the North Pacific and to serve as an emulator that provides large number 193 

of regional climate realizations. In their application, 𝐳(𝑡) includes multiple climate variables 194 

(represented by PCs), 𝐀 is empirically determined in the same way as in LIM. For 𝐃, they have 195 

analyzed several scenarios, one of which is 𝐃 = 𝐈, the identity matrix. In this case, 𝐱(𝑡) = 𝐳(𝑡), 196 

so that they model and also output the climate variables in the same spatial domain. They also 197 

considered a 𝐃 that has elements equal to 1 for grid points near the coastline, and all other 198 

elements are 0, i.e., 𝐱(𝑡) represents coastal variables (analogous to statistical downscaling 199 

approaches; e.g., Long et al., 2022). 200 

Note that when 𝐃 = 𝐈, the linear system described by (7) and (8) is equivalent in form to 201 

(5), the discrete LIM framework. Following Moore et al. (2022) and for the benefit of a direct 202 

comparison to the discrete LIM, we consider the linear system where 𝐃 = 𝐈 and 𝐀 is empirically 203 

determined. In a linear system like (5), the evolved response at time 𝑡, 𝐱(𝑡), can be represented 204 
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by integrating the impact from a sequence of input forcing, from 𝛚(𝑡 − ∞) to 𝛚(𝑡 − 1) (see 205 

Text S3), i.e., 206 

𝐱(𝑡) = 𝐀)%&𝛚(𝑡 − ∞) +⋯+ 𝐀*%&𝛚(𝑡 − 𝑛) +⋯+ 𝐀	𝛚(𝑡 − 2) + 𝛚(𝑡 − 1) (9) 

This system is asymptotically stable if lim
*→)

𝐀* = 0, i.e., all eigenvalues of 𝐀 have |𝜆(𝐀)| ≤ 1. 207 

As a result, the earlier input forcing is less influential to the current state. The covariance of 𝐱(𝑡) 208 

from (9) is, 209 

𝐱(𝑡)𝐱(𝑡)' = P𝐀*%&𝛚(𝑡 − n)𝛚(𝑡 − n)'
)

*,&

(𝐀*%&)' (10) 

given that 𝛚(𝑖)𝛚(𝑗)' = 0 for any 𝑖 ≠ 𝑗, as 𝛚(𝑖) and 𝛚(𝑗) are temporally white noise samples 210 

that are statistically independent and uncorrelated. The ensemble average of the covariance from 211 

time 𝑡 to 𝑡 + ∞, 𝐏, is thus given by, 212 

𝐏 = P𝐀*%&𝛀(𝐀*%&)'
)

*,&

 (11) 

which is readily solved by the discrete Lyapunov equation, 213 

𝐀𝐏𝐀' − 𝐏 + 𝛀 = 0 (12) 

Eigenvectors of 𝐏, if sorted by their corresponding eigenvalues in descending order, represent 214 

the leading to least likely response structures into which the dynamical system could evolve. 215 

Note that, while 𝐏 represents the theoretical covariance over an infinite length of time, in an 216 

application where 𝐀 is empirically determined, 𝐏 is also equal to 𝐂(0), i.e., the auto covariance 217 

over the actual temporal range. In this case, (12) and (4) given 𝜏 = 1 month are interchangeable. 218 
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Besides the evolved response, identifying the optimal structures that lead to the evolved 219 

response is equivalently important. An initial forcing at time 𝑡, 𝛚(𝑡), may contribute to the 220 

growth or decay of all future states from time 𝑡 + 1 to 𝑡 + ∞, with the total contribution as, 221 

γ( =
1

𝛚(𝑡)'𝛚(𝑡)
[𝛚(𝑡)'𝛚(𝑡) + 𝛚(𝑡)'𝐀'𝐀𝛚(𝑡) + ⋯

+𝛚(𝑡)'(𝐀)%&)'(𝐀)%&)𝛚(𝑡)] =
𝛚(𝑡)'𝐐𝛚(𝑡)
𝛚(𝑡)'𝛚(𝑡)  

(13) 

i.e., 𝐐 is defined as, 222 

𝐐 = P(𝐀*%&)'(𝐀*%&)
)

*,&

 (14) 

𝐐 is often referred to as the covariance matrix of the stochastic optimal, which is solved by the 223 

discrete Lyapunov equation, 224 

𝐀'𝐐𝐀 − 𝐐 + 𝐈 = 0 (15) 

Eigenvectors of 𝐐, sorted by the eigenvalues in descending order, are the leading to the least 225 

important stochastic optimals (SOs) that contribute to the dynamical system. Notice the striking 226 

similarity between (13) and (6). The main difference is that, from (6), one could individually 227 

determine the optimal structures for each time interval 𝜏, whereas (13) yields 𝜏-independent 228 

stochastic optimals, as 𝐐 theoretically encompasses all time intervals. 229 

To determine a low-order approximation of the dynamical system, the “standard” LIM 230 

approach is by retaining 𝑘 leading EOFs. This is equivalent to retaining 𝑘 leading eigenvectors 231 

of 𝐏, the large-scale dynamical patterns explaining the most variance and the most likely 232 

responses into which the dynamical system can evolve. However, this could mean that the 233 

leading eigenvectors of 𝐐, the SOs, which tend to have finer-scaled structures that are 234 
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dynamically relevant for initializing those large-scale responses, are not adequately represented. 235 

In contrast, balanced truncation aims to transform the original high-dimensional system to a 236 

space spanned by both EOFs and SOs, so that a truncation to 𝑘 dimension preserves both 237 

responses and precursors. To determine a balanced truncation, first consider a coordinate 238 

transformation, 𝐓, in which the original state variable is projected onto a new space, 239 

𝐲(𝑡) = 𝐓𝐱(𝑡) (16) 

Accordingly, the discrete linear system (5) may be expressed as 240 

𝐲(𝑡 + 1) = 𝐀]	𝐲(𝑡) + 𝐓𝛚(𝑡) (17) 

where 𝐀] = 𝐓𝐀𝐓%&. 𝐓 is denoted a balancing transformation if 𝐏] = 𝐓𝐏𝐓' = 𝚺 and 𝐐] =241 

(𝐓%&)'𝐐𝐓%& = 𝚺, where 𝚺 is a diagonal matrix of the “Hankel singular values”; that is, 𝐏 and 𝐐 242 

matrices are simultaneously diagonalized to an identical representation 𝚺 in the transformed 243 

space. Derivation of the balancing transformation 𝐓 is discussed in Farrell and Ioannou (2001), 244 

Moore et al. (2022), and Text S4. With this 𝐓, the original PCs are transformed into a space 245 

where the stochastic optimals and the evolved responses coincide; that is, the non-normality 246 

induced transient amplification is converted into a normal system of gradual damping. In this 247 

space, retaining the leading Hankel singular values preserves both the dominant stochastic 248 

optimals and responses. In order to truncate, the full system in the transformed space (17) is 249 

partitioned as, 250 

_𝐲&(𝑡 + 1)𝐲((𝑡 + 1)
` = a𝐀

]&& 𝐀]&(
𝐀](& 𝐀]((

b _𝐲&(𝑡)𝐲((𝑡)
` + _𝐓&𝐓(

`𝛚(𝑡) (18) 

The truncation is made by retaining the subsystem controlled by 𝐀]&& and 𝐓&, i.e., 251 
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𝐲&(𝑡 + 1) = 𝐀]&&𝐲&(𝑡) + 𝐓&𝛚(𝑡) (19) 

where 𝐀]&& is the first 𝑘 rows and 𝑘 columns of 𝐀], and 𝐓& is the top 𝑘 rows of 𝐓. The reduced 𝑘-252 

dimensional system is asymptotically stable, while preserving the evolved responses and their 253 

optimal precursors of the full system (see Moore, 1981; Pernebo & Silverman, 1982 for detailed 254 

proofs). A forecast with 𝜏-month lead is then determined by 𝐲=&(𝑡 + 𝜏) = 1𝐀]&&2
$	𝐲&(𝑡). The 255 

conversion to the original space is then simply 𝐱(𝑡) = 𝐓&%&𝐲&(𝑡), where 𝐓&%& is the top 𝑘 columns 256 

of 𝐓%&(see Text S4 for deriving 𝐓%&). That is, we obtain the forecast in the original space simply 257 

by 𝐱=(𝑡 + 𝜏) = 𝐓&%&𝐲=&(𝑡 + 𝜏). Note that forecasts are tenfold cross-validated (see Text S2). 258 

3 Experimental Design 259 

Following Moore et al. (2022), which derived a full-dimensional linear dynamical system 260 

empirically and compared it to the reduced dimensional LIM and balanced truncation systems, 261 

we design three modelling experiments, referred to as full model, EOF reduced model and 262 

Hankel reduced model, respectively. 263 

3.1 Observational Experiment 264 

For an observationally-based empirical system, the limited record length is a major 265 

constraint; that is, the available observations are not sufficient to fully resolve the dynamical 266 

system. Therefore, the effective number of degrees of freedom retained in an empirical model is 267 

relatively low. We determine the “full” model as the LIM constructed from the leading 40 PCs of 268 

the monthly Pacific HadISST anomalies, which provides a reasonable representation of the 269 

observed dynamical system since this truncation results in lag-covariance statistics that best 270 

match observations (e.g., Winkler et al., 2001). 271 
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After determining the full model as the baseline, we then construct the truncated 𝑘-272 

dimensional models, i.e., the Hankel reduced model and the EOF reduced model. A Hankel 273 

reduced model is derived by transforming the full model into its Hankel space and then retain 274 

only the leading 𝑘 Hankel singular values and the associated Hankel modes. In contrast, an EOF 275 

reduced model is constructed simply by retaining the leading 𝑘 PCs to construct a new LIM. 276 

Both reduced models are compared to the full model to determine which is more effective in 277 

approximating the full model while using a lower dimension. Note that, bounded by the full 278 

dimension 40, 𝑘 can be any integer from 1 to 40. 279 

3.2 Perfect Model Experiment 280 

Our observational experiment is limited by both the length and the quality of the 281 

observational record (e.g., Rayner et al., 2003) so that the full model is an imperfect 282 

approximation of the Pacific SST variability, since it is fairly low-dimensional and likely has 283 

additional errors due to nonlinearities and/or nonstationarities not captured by our LIM (e.g., 284 

Sardeshmukh & Sura, 2009; Shin et al., 2021). Therefore, we also carry out a perfect model 285 

experiment, where we construct a high-dimensional (900 PC) LIM from observations, and then 286 

integrate it forward in time using the method described in Penland and Matrosova (1994) (see 287 

also Text S5) to develop a lengthy high-dimensional synthetic record that is treated as 288 

“observations”. While the high-dimensional LIM is not the most reasonable representation of 289 

Pacific seasonal variability (after all, we have already determined that a 40 PCs LIM is more 290 

accurate), it is in its ideal world the perfect model. That is, the perfect model assumes dynamical 291 

evolution associated with all 900 PCs are relevant linear dynamics, and the synthetic record 292 

represents realizations of such linear system. From this synthetic dataset, we can again construct 293 

a full model and then Hankel reduced models and EOF reduced models as before: We construct 294 
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the full model from the 900 PCs of the synthetic record as the baseline, and compare that to the 295 

reduced 𝑘-dimensional models, for which 𝑘 is any integer from 1 to 900. 296 

4 Results 297 

4.1 Observed Dynamical System Approximated by Reduced Models 298 

We first construct the full model, and show in Fig. 1a-b the leading stochastic optimal 299 

and response pattern, derived from 𝐏 and 𝐐 in (12) and (15), respectively. The stochastic optimal 300 

has positive anomalies extending southwestward from Baja California to the equator, reminiscent 301 

of the North Pacific Meridional Mode (NPMM; Chiang & Vimont, 2004). In addition, the 302 

southeastern Pacific anomalies are reminiscent of the South Pacific Meridional Mode (SPMM; 303 

Zhang et al., 2014). Both meridional modes are often identified as precursors of ENSO events 304 

(Liguori & Di Lorenzo, 2019; Vimont et al., 2014; Yu & Kim, 2011). As expected, the evolved 305 

response presents the canonical ENSO pattern, the leading EOF of Pacific SST variability. 306 

 307 

 308 
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Figure 1. (a, c, e) Leading stochastic optimal and (b, d, f) evolved response of (a-b) a full 309 

dynamical system approximated by (c-d) Hankel vs. (e-f) EOF reduced model. Full/Hankel 310 

reduced/EOF reduced model has 40 PCs/5 Hankels/5 PCs. All spatial structures are unit vectors; 311 

that is, they represent the spatial patterns but not the amplitude of those patterns. 312 

 313 

We next compare these results to the leading stochastic optimal and response patterns 314 

obtained from either the 5-dimensional Hankel reduced model (Fig. 1c-d; see Text S6) or the 5-315 

dimensional EOF reduced model (Fig. 1e-f). The striking similarity between Fig. 1c-d and Fig. 1 316 

a-b shows that the Hankel reduced model indeed preserves the dominant stochastic optimal and 317 

response of the full system. For the EOF-reduced model, on the other hand, while the dominant 318 

response is still similar (cf., Fig. 1f with Fig. 1b), the stochastic optimal that drives it is not. 319 

Instead, the EOF reduced model has a stochastic optimal that features an ENSO-like pattern with 320 

positive anomalies in the eastern half of the Tropical Pacific (Fig. 1e), while the meridional 321 

mode pattern seen in the full system (Fig. 1a) is largely absent. 322 

To help understand why the Hankel reduced model preserves the dominant optimal and 323 

response, the leading transformation structure, i.e., the 1st row of 𝐓 (normalized to unit vector), is 324 

shown in Fig. 2a. This structure is: (a) mathematically equivalent to the leading eigenvector of 325 

𝐐𝐏, and (b) physically similar to both the optimal and response patterns (Fig. 1a-b). Specifically, 326 

the leading transformation exhibits features similar to the NPMM and SPMM as seen in the 327 

stochastic optimal, but with stronger positive anomalies in the equatorial Pacific that to some 328 

degree resembles the ENSO pattern in the evolved response. The similarity is also quantified by 329 

the covariance between two unit vectors (Fig. 2b) – parallel unit vectors have covariance of 1, 330 

whereas orthogonal unit vectors have covariance of 0. Our results show that the transformation 331 
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pattern has higher covariance (similarity) with the optimal and the response, than the covariance 332 

between the latter two. Overall, these results confirm that such transformation, by construction, 333 

seeks a balance between the optimal and response, hence helping the Hankel reduced model to 334 

retain the dominant dynamics of the full system. 335 

 336 

 337 

Figure 2. (a) Leading transformation structure (normalized to unit vector). (b) Pattern covariance 338 

between leading stochastic optimal and evolved response (SO×ER; Fig. 1a and Fig. 1b), between 339 

leading transformation and stochastic optimal (T×SO; (a) and Fig. 1a), and between leading 340 

transformation and evolved response (T×ER; (a) and Fig. 1b), respectively. 341 

 342 

The capability of preserving the dominant optimal and response in the Hankel reduced 343 

model may suggest that the transient growth of the full dynamical system is also maintained. To 344 

examine this, we first derive the amplification of the full dynamical system (solid black line of 345 

Fig. 3a) led by its dominant stochastic optimal (Fig. 1a); that is, denoting 𝐪 as the optimal (unit 346 

vector; 𝐪'𝐪 = 1), subsequent evolution over a time interval 𝜏 is determined by (𝐀$)𝐪, hence the 347 

growth is determined as 𝐪'(𝐀$)'(𝐀$)𝐪. Induced by the full optimal, the magnitude of the 348 

dynamical system gradually increases over short lead times, peaks at around 6 months, and then 349 

decreases. We then derive the transient growth of the 5-dimensional Hankel reduced model (red 350 
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line of Fig. 3a; see Text S6). This transient growth has a similar magnitude and phase as the full 351 

system. Note that there is a spurious amplification for very short lead times, which will be 352 

discussed further in section 4.2. Lastly, we derive the transient growth led by the leading optimal 353 

of the 5-dimensional EOF reduced model (dotted black line of Fig. 3a), which indicates a slowly 354 

damped system. 355 

 356 

 357 

Figure 3. (a) Transient growth of a full/Hankel reduced/EOF reduced dynamical system (solid 358 

black/red/dotted black) led by their corresponding leading stochastic optimals. Full/Hankel 359 

reduced/EOF reduced model has 40 PCs/5 Hankels/5 PCs. (b) Transient growth (shading) of the 360 

Hankel (left) and EOF (right) reduced models as the retained dimension increases. Note that the 361 

Hankel reduced and the EOF reduced curves in panel a are repeated here for a value of 5 on the 362 

ordinate. (c) Variance of the stochastic optimals (gray) and responses (red) retained in the 363 

Hankel (solid) vs. EOF (dashed) reduced dimension. 364 

 365 

To show that such comparison is robust regardless of the reduced dimensions, we repeat 366 

the transient growth analysis from Hankel reduced and EOF reduced models constructed for all 367 

possible reduced dimensions, i.e., from 1 to 40 (Fig. 3b). Each row of Fig. 3b represents the 368 
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transient growth from a given dimensional Hankel (left panel) vs. EOF (right panel) reduced 369 

model. Both panels show that, with increasing dimension, the transient amplification 370 

approximated by the reduced models approaches that of the full dynamical system, i.e., all three 371 

are identical for dimension 40 (that is, identical to the solid black line of Fig. 3a). For any given 372 

dimension, however, the Hankel reduced model exhibits stronger amplification than the EOF 373 

reduced model, and is closer to the full system’s transient growth. 374 

Besides amplification, we also examine whether the stochastic optimals and responses are 375 

well preserved for any given dimension. To do so, we derive the total variance of the stochastic 376 

optimals and responses in the reduced models as a function of model dimension (Fig. 3c). In the 377 

full dynamical system, the total variance is simply 𝑡𝑟(𝐐) and 𝑡𝑟(𝐏), respectively. Similarly, in 378 

both reduced models, the total optimal and response variances are the traces of the reduced 379 

representation of 𝐐 and 𝐏, which with increasing dimension will increase and eventually 380 

converge to those of the full dynamical system. For any given dimension, the Hankel reduced 381 

model preserves higher optimal variance (solid gray line of Fig. 3c) and slightly lower response 382 

variance (solid red line) than does the EOF reduced model (dashed lines), indicating the 383 

importance of preserving the optimal structures, which is better achieved by the Hankel model. 384 

So far, the optimals and the responses are directly determined from 𝐐 and 𝐏, which 385 

theoretically represent the contribution of an initial forcing to all future states over infinite time 386 

intervals (14) and the impact of all past forcings over infinite time intervals to a current state 387 

(11), respectively. However, the impact of an initial forcing may extend to only a finite number 388 

of future states; similarly, a current state may only be affected by recent past forcings. Thus, the 389 

optimals and responses determined from 𝐐 and 𝐏 may be obtained by considering a finite time 390 

interval; that is, the optimal structure that maximizes the system response over a given time 391 
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interval 𝜏 can be determined from (6). For example, we derive the 6-month-lag optimal structure 392 

(Fig. 4a) and the induced response after 6 months (Fig. 4b). The finite lag structures (Fig. 4a-b) 393 

are highly similar to those representing the infinite time intervals (Fig. 1a-b). We extend this 394 

analysis to multiple lags (1-24 months), deriving the maximum amplification led by each lag-395 

dependent optimal structure (solid black line in Fig. 4c). The resulting maximum amplification 396 

curve is very similar to the transient growth led by the optimal of infinite time intervals (solid 397 

black line of Fig. 3a). Moreover, the maximum amplificative curves derived from 5-dimensional 398 

Hankel and EOF reduced models are similar to the transient growth with their infinite time 399 

interval counterparts (cf. red and dotted black line of Fig. 4c with Fig. 3a). Overall, the lag-400 

dependent optimals and responses are similar to those derived from 𝐐 and 𝐏, suggesting that 𝐐 401 

and 𝐏 derived from infinite time integral may be effectively represented by a finite integration. 402 

 403 

 404 

Figure 4. The lag-dependent optimal structure and response. (a) The leading optimal initial 405 

structure that leads to maximum growth in 6 months, and its corresponding (b) evolved response. 406 

Spatial structures are unit vectors. (d) Same as Fig. 3a except for maximum amplification 407 

determined from lag-dependent optimal structures. 408 
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 409 

4.2 Comparison of Hankel and EOF Reduced Model Forecast Skill 410 

We now evaluate the skill of cross-validated hindcasts made by the full model, the 411 

Hankel reduced model, and the EOF reduced model. Skill, measured by the local anomaly 412 

correlation, for all three models is shown in Fig. 5. 413 

 414 

 415 

Figure 5. Forecasts from the full, Hankel and EOF reduced models. (a) 6- and (d) 12-month-lead 416 

forecast skill approximated by (b, e) Hankel vs. (c, f) EOF reduced model. (a, d) Shading is 417 

anomaly correlation. (b-c, e-f) Shading is correlation difference between reduced and full model 418 

forecast skill. (g) Regional forecast skill (spatially averaged correlation) as a function of lead 419 

months, obtained from the full (solid), Hankel reduced (dashed), and EOF reduced (dotted) 420 
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model. Regions include Niño 3.4 (black) and Western Pacific Warm Pool (red; region indicated 421 

by dotted box in panel f). (h) 6-month-lead Hankel vs. EOF reduced regional forecast skill as a 422 

function of the retained dimension. Above the diagonal line, the Hankel reduced LIM has higher 423 

skill, while below the diagonal line, the EOF reduced LIM has higher skill. Yellow-red-black 424 

denotes dimension ranges from 1 to 40. Circles represent Niño 3.4; diamonds represent WPWP. 425 

Circle/diamond with black outline marks results at 5 dimensions. (i) Sensitivity of full (green), 426 

Hankel reduced (red), and EOF reduced (yellow) regional forecast skill to sampling uncertainty. 427 

Solid/dotted line segment represents 95% confidence interval of 6-month-lead Niño 3.4/WPWP 428 

forecast skill, with the in-between solid/open symbols (upward triangle, square, downward 429 

triangle) representing mean skill. Full/Hankel reduced/EOF reduced model resolution (except 430 

panel h) are 40 PCs/5 Hankels/5 PCs. 431 

 432 

For the full model (Fig. 5a), the skill is similar to what was found by previous studies of 433 

Pacific hindcasts on seasonal time scales (Alexander et al., 2008; Dias et al., 2019; Ding et al., 434 

2018; Jacox et al., 2019; Newman & Sardeshmukh, 2017; Shin et al., 2021). The 6-month-lead 435 

forecasts are skillful (anomaly correlation > 0.6) in the central equatorial Pacific with a broad 436 

region that extends to the southeast and a longer narrower region extending northeastward to 437 

central America. In the vicinity of the Maritime Continent, along the coast of North America and 438 

in the central North Pacific, forecast skill is between 0.4-0.6. Along the western boundary, e.g., 439 

south of Japan, the forecast is less skillful. The 12-month-lead forecast (Fig. 5d) is overall less 440 

skillful than at 6-month-lead, especially in the equatorial cold tongue region of the eastern 441 

Pacific. 442 
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For the Hankel and EOF reduced models, Fig. 5b-c, e-f displays the difference of each 443 

model’s skill from that of the full model. The Hankel reduced model (Fig. 5b, e) produces 444 

forecasts that are only slightly less skillful than the full model forecast, while the EOF reduced 445 

model (Fig. 5c, f) is less skillful, particularly in the Western Pacific Warm Pool (WPWP; dotted 446 

box region in Fig. 5f; 20oN-10oS, 120oE-160oE). Apart from the overall decreased skill compared 447 

with the full model, both reduced models produce slightly more skillful forecast than the full 448 

model in the northern part of the central Pacific. That increase is not significant by construction. 449 

If the dynamical system is indeed best represented by the full model, truncation into a lower 450 

dimension will remove some dynamical processes. Thus, the enhanced skill from the reduced 451 

models compared to the full model indicates that the full model representing the dynamical 452 

system could have been in an even lower dimension. This is perhaps best seen in Fig. 5h, which 453 

we will discuss later. 454 

The spatially-averaged forecast skill at leads of 1-24 months for the Niño 3.4 (5oN-5oS, 455 

170oW-120oW) and WPWP regions are shown in Fig. 5g. In the Niño 3.4 region, the full model 456 

forecast skill (solid black line in Fig. 5g) decreases from 0.9 at one month lead to around 0 457 

beyond leads of 12 months. While the Hankel reduced model (dashed black line) forecast skill 458 

closely tracks the full model, the EOF reduced model forecast (dotted black line) is slightly 459 

worse. However, the difference is much larger for the WPWP region. There, the full model (solid 460 

red line of Fig. 5g) hindcast skill ranges from about 0.75 to 0.15 as the lead time increases from 1 461 

to 24 months. The Hankel reduced model (dashed red line) has slightly lower skill than the full 462 

LIM at all leads, while the EOF reduced model skill (dotted red line) is notably less for all lead 463 

months. 464 
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The Hankel reduced model forecast skill at the very short lead times (e.g., 1 month) is 465 

close to the EOF reduced model skill, and less than the full model. Such a result is likely 466 

associated with the over energized dynamical system by Hankel reduced model at short lead 467 

times (Fig. 3a). Yet even with the over energized dynamical system, the Hankel reduced model 468 

forecast is still slightly more skillful than the EOF reduced model. 469 

The skill comparison is repeated for Hankel and EOF reduced models of all possible 470 

dimensions, i.e., 𝑘 from 1 to 40; results shown in Fig. 5h are the 6-month-lead spatially averaged 471 

forecast skill for the Niño 3.4 and WPWP regions. For each 𝑘 (values indicated by shading in 472 

Fig. 5h), we plot the Hankel reduced model forecast skill as a function of the EOF reduced 473 

forecast skill. As 𝑘 increases, Hankel and EOF reduced forecast skill both gradually increase and 474 

eventually converge to the full model forecast (skill about 0.4 for WPWP and about 0.6 for Niño 475 

3.4), with higher skill for the Hankel reduced model for any given 𝑘. For example, a 2-476 

dimensional Hankel reduced model has about the same skill as a 5-dimensional EOF reduced 477 

model in both the Niño 3.4 and WPNP regions. 478 

We assess the sensitivity of forecast skill to sub periods of different lengths in Fig. 5i. For 479 

example, we randomly extract 20 consecutive years out of the total 150-year record; that is, any 480 

20-year period has an equal possibility to be sampled. Treating this 20-year record as our 481 

observation period, we conduct cross-validated forecast made by full (40 PCs), Hankel reduced 482 

(5 Hankels), and EOF reduced model (5 PCs), i.e., tenfold cross-validation with 2-year each fold 483 

(see Text S2). Forecasts of random sub periods are carried out 100 times, resulting in a range of 484 

forecast skill from which we derive the mean (symbols in Fig. 5i) and the 95% confidence 485 

interval (line segments). The 6-month-lead Niño 3.4 forecasts based on 20-year records indicate 486 

that the full model forecast performs the worst (i.e., with the greatest uncertainty and the lowest 487 
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mean skill), followed by the Hankel reduced model, which shows similar mean skill and 488 

uncertainty. In contrast, the EOF reduced model presents the highest forecast skill and the least 489 

uncertainty. Similar results are found in the 6-month-lead WPWP forecasts. 490 

We repeat this sensitivity analysis for 40-, 60-, and 80-year sub periods (Fig. 5i). For 491 

longer record lengths, the full model forecast gradually improves, with increasing mean skill and 492 

greatly reduced uncertainty. The Hankel reduced model shows similar improvement. Meanwhile, 493 

the EOF reduced model shows the least improvement, and gradually becomes suboptimal 494 

compared to the full and Hankel reduced models. We draw two conclusions from this sensitivity 495 

analyses. First, as opposed to dynamical models of infinite dimension, for observational-based 496 

empirical models, the effective dimension of the dynamical system is related to the record length. 497 

It takes a longer observational record to resolve additional PCs and to increase the effective 498 

degrees of freedom. In our example, a 20-year record is likely insufficient to resolve the leading 499 

40 PCs, but 80-150 years appear adequate, as the forecast skill is nearly unchanged for sub 500 

periods longer than 60 years (Fig. 5i). Second, the Hankel reduced model exhibits similar 501 

forecast uncertainty as the full model, i.e., the Hankel reduced model forecast is reasonably 502 

skillful when the full model forecast is. 503 

4.3 High-dimensional Perfect Model Experiment 504 

We then verify our findings against a high dimensional perfect system, using the 600 505 

years of synthetic “data” generated by the 900-dimensional LIM (see section 3.2). A full model 506 

is constructed from this dataset and to make cross-validated forecasts. The hindcast skill is used 507 

as a “perfect model” benchmark to compare with the skill derived from reduced models, which 508 

are also constructed from this dataset. 509 
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Analyses of the perfect model forecasts are summarized in Fig. 6. The resulting 6- and 510 

12-month-lead full model forecasts (Fig. 6a, d) have generally similar patterns of skill 511 

throughout the Pacific compared with our observational example (Fig. 5a, d). Skill values are 512 

also higher, which is an unsurprising result since Fig. 6 is a perfect model case while Fig. 5 is a 513 

real-world case. We then constructed the reduced models, using 80 dimensions as an example, 514 

chosen as the minimum required dimension for which the Hankel reduced model forecast is 515 

sufficiently close to the full model forecast (Fig. 6h). As a result, the 80-dimensional Hankel 516 

reduced model forecast is only slightly less skillful than the full model (Fig. 6b, e), whereas the 517 

80-dimensional EOF reduced model is significantly less skillful (Fig. 6c, f). Besides 6- and 12-518 

month-lead forecasts, we again examine how Niño 3.4 and WPWP forecast skill varies from 519 

leads of 1 to 24 months (Fig. 6g). The full model is again the most skillful (solid line of Fig. 6g), 520 

but it is closely followed by the 80-dimensional Hankel reduced model (dashed line), while the 521 

80-dimensional EOF reduced model is significantly less skillful (dotted line). For both regions, 522 

the Hankel reduced model is more skillful than the EOF reduced model for any given dimension, 523 

and much more quickly approaches the full model skill as the dimension is increased, for any 524 

dimension from 1 to 900 (Fig. 6h). Note that this effect is much more dramatic than was the case 525 

for the observational example. 526 

 527 
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 528 

Figure 6. Same as Fig. 5 except for high-dimensional perfect model experiment. 529 

 530 

We also examine the sampling error by randomly extracting a subsample of the synthetic 531 

record and then conducting forecasts made by the full, Hankel, and EOF reduced models (Fig. 532 

6i). Results show that the full model forecast, including the mean skill and the uncertainty, 533 

improves as the available record length increases. Similar improvement is seen in Hankel 534 

reduced forecast, whereas the EOF reduced forecast improves the least and becomes less skillful. 535 

 536 

4.4 Example of Reduced Model Dynamics Affecting Marine Extremes 537 

The forecast comparison of the reduced models implies that the dynamics are better 538 

captured in the Hankel than in the EOF reduced model. To explore this result, we follow Moore 539 
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et al. (2022) to derive the empirical modes of the linear operator 𝐀 (see Text S7; Hasselmann, 540 

1988; von Storch et al., 1995), providing the characteristic patterns and the timescales of the 541 

dynamical system. We show the decay rates vs. the oscillation frequencies of each eigenmode of 542 

the full, Hankel reduced, and EOF reduced model in Fig. 7. In both the perfect model experiment 543 

(Fig. 7a) and the observed case (Fig. 7b), the full model contains slowly decaying and oscillating 544 

dynamical modes as well as fast modes that have little contribution to the predictable dynamics 545 

(i.e., top left to bottom right of each panel). The slowly decaying dynamics are retained in the 546 

Hankel reduced model, whereas the EOF reduced model shows more rapidly decaying modes. 547 

These results corroborate those obtained from the transient growth analysis (Fig. 3a), indicating 548 

that, compared to the EOF reduced model, the Hankel reduced model retains the slower decayed 549 

dynamics, thus allowing stronger transient growth more similar to the full model. 550 

 551 

 552 

Figure 7. Decay rate and oscillation frequency of the eigenmodes in (a) the perfect model 553 

experiment and (b) observed case. Gray dots/orange triangles/blue squares are the full/Hankel 554 

reduced/EOF reduced model, which for the perfect model experiment has 900 PCs/80 555 

Hankels/80 PCs and for the observed case has 40 PCs/5 Hankels/5 PCs. 556 

 557 
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As an example, we use the different models to examine the evolution of Northeast Pacific 558 

MHWs, and to illustrate the importance of retaining the slower dynamics to better capture the 559 

evolution of these marine extremes. Following Xu et al. (2021), we first extract all observed 560 

Northeast Pacific MHWs (20 events) that have SST anomalies at or above one standard deviation 561 

of the Northeast Pacific index (average SST in 150°W–135°W, 35°N–46°N) and last for at least 562 

5 months. The observed composite evolution (Fig. 8a) presents weak positive anomalies in 563 

central North Pacific at 12 and 6 months prior to the onset of MHWs, accompanied by weak La 564 

Niña conditions in the tropical Pacific. The Northeast Pacific anomalies meet the MHW 565 

thresholds at month 0. At 6 and 12 months after the onset of MHWs, positive anomalies in 566 

Northeast Pacific gradually weaken, while El Niño like conditions develop in the tropical 567 

Pacific. This statistical evolution of Northeast Pacific MHWs is consistent with Xu et al. (2021). 568 

 569 

 570 
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Figure 8. Composite evolution of (a) observed Northeast Pacific Marine Heatwaves (MHWs), 571 

simulated by (b) full model, (c) Hankel reduced model, and (d) EOF reduced model. From top to 572 

bottom plots show the composite at -12, -6, 0, +6, +12 months. 0 month represents the start of 573 

MHWs; negative/positive months represents the months prior to/after the start of MHWs. 574 

Full/Hankel reduced/EOF reduced models have 40 PCs/5 Hankels/5 PCs. 575 

 576 

From the observed full model (40 PCs LIM), we obtain a 12,000-year simulation (see 577 

Text S5), from which we extract 1742 simulated MHW events and show their composite 578 

evolution in Fig. 8b. Note that this simulation is stochastically forced by spatial structures of 579 

stochastic optimals. The simulated composite evolution is generally consistent with the observed, 580 

except that the anomalies are overall weaker in the North Pacific. This simulated evolution from 581 

the full model serves as a baseline with which we assess how well the reduced model simulations 582 

capture the MHW evolution and, more importantly, whether retaining the slower decayed 583 

dynamics affect that evolution. To that end, we obtain a 12,000-year simulation from Hankel 584 

reduced model and from EOF reduced model, respectively, resulting in 1434 and 1420 MHW 585 

events. The simulated MHW evolution derived from the Hankel reduced model (Fig. 8c) is very 586 

similar to the full model. The EOF reduced model produces a simulation with weak MHW 587 

signals at 0 month and lack of prior warming in the central North Pacific and subsequent El Niño 588 

like development in the tropical Pacific (Fig. 8d). These results suggest the impact of capturing 589 

the slower decaying dynamics in the Hankel reduced model. 590 
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5 Conclusions 591 

A recent study (Moore et al., 2022) compared the dynamics captured by Hankel and EOF 592 

truncation to a full-dimensional model, a LIM constructed from a regional ocean model dataset 593 

of the California Current System. Our study extends from this recent application by comparing 594 

the forecasts made by the Hankel vs. EOF reduced models with those obtained from the full LIM 595 

model forecast, as a test of how well the reduced models essentially capture trajectories from the 596 

full model, and by analyzing the dynamical system after truncation to understand the forecast 597 

differences. Using the Pacific SSTA as the example, the full dynamical system contains 598 

important precursor dynamics like the NPMM and SPMM and a dominant evolved ENSO 599 

response. These features are well preserved in our Hankel reduced model, thus allowing a slower 600 

decay and stronger transient anomaly growth than the EOF reduced model, which preserves only 601 

the evolved response. In a second example, we evaluate how the slowly decaying and oscillating 602 

dynamics captured by the Hankel model may manifest in the evolution of Northeast Pacific 603 

MHWs. Simulated by the full model, MHW evolution in the Northeast Pacific are linked to the 604 

subsequent development of the El Niño conditions in the tropical Pacific, consistent with the 605 

observed evolution. This evolution is reproduced by the Hankel reduced model simulation, 606 

whereas the EOF reduced model simulation shows weaker and shorter lived MHWs without 607 

subsequent tropical variability. The ability of preserving key dynamics makes the Hankel 608 

reduced model an effective approach to approximate the full system and, as a result, the Hankel 609 

reduced model produces forecasts that are comparable to the full model forecasts, while using a 610 

low order representation. 611 

Examining the Hankel reduced model using an observed dataset leads us to a general 612 

question relevant to all statistical modelling approaches: do we have sufficient observational data 613 
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to resolve all linear and nonlinear dynamics so as to properly represent them in the model? In our 614 

observational experiment, the “full” dimension that is properly resolved by LIM is 615 

approximately only the leading 40 PCs of the 150 yrs Pacific SSTA. In other words, it would 616 

take a substantially longer observational record to resolve the higher dimensional PCs. Given the 617 

effectively low dimension of our observational experiment, we design a high-dimensional perfect 618 

model experiment, as an example to illustrate how useful the balanced truncation is in a high-619 

dimensional scenario. Results from the perfect model experiment corroborate our findings from 620 

the observational example, suggesting not only that the Hankel reduced model may effectively 621 

approximate the high-dimensional dynamical system, but also the promising application of the 622 

Hankel reduced model to a real-world high-dimensional system. 623 

However, both our observed and the perfect model experiments point to an important 624 

aspect that has not been considered in previous feasibility and application studies. That is, for an 625 

empirically determined dynamical system, the Hankel reduced model can efficiently duplicate 626 

the dynamical system using much lower dimensions, but not improving or refining the original 627 

dynamical system. If the empirical system is a poor representation of the dynamics, the Hankel 628 

reduced model is likely a poor one as well, as it is not a solution to extract dynamics from noise. 629 

Take our observed experiment as an example, building a full-ranked model from observed record 630 

is suboptimal, as too much nonlinear/nonstationary processes or purely noise will be modelled 631 

and treated as linear dynamics. In that case, the Hankel truncation is also suboptimal. Therefore, 632 

a key finding of this study is that, if balanced truncation is applied to an empirically determined 633 

dynamical system, one need to first construct a model that realistically represents the dynamical 634 

variability of interest, before one can rely on the balanced truncation to compress the 635 

dimensionality. Nonetheless, we have only tested this on the multivariate linear regression model 636 
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like LIM, to which extent such finding is relevant to other linear and nonlinear systems remains 637 

to be investigated. 638 

Indeed, the balanced truncation may be applicable to many systems that can be linearized 639 

into the form of (1). Recent development in system and control theory has extended the 640 

application of balanced truncation to reduce the dimension of nonlinear systems (e.g., Dones et 641 

al., 2011). Potential application of balanced truncation in climate communities include (a) 642 

improving the computational efficiency involving a high-dimensional dynamical system, e.g., 643 

data assimilation of global climate models, (b) simplifying linear empirical dynamical models 644 

that are stochastically forced by multiplicative non-Gaussian noise forcing, (c) diagnosing the 645 

most essential dynamics contributing to the spatiotemporal climate evolution, e.g., by examining 646 

the characteristic patterns of the empirical modes (Newman, Alexander, et al., 2011), (d) serving 647 

as an emulator to obtain multiple realizations for probability forecasts. 648 
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